A Monte Carlo method was developed to simulate the three-dimensional grain growth by coalescence in the initial stage of liquid phase sintering. The simulated grain, including a cluster of bonded particles, was treated in an appropriate three-dimensional multi-particle arrangement of the powder compact, and each cluster was assumed to be coalesced to reduce the system energy. The probability model also incorporated the energy-misorientation relationship assigned to randomly generated neighboring particles. Simulation results indicate that the size distribution of agglomerated particles are broadened by either an increase in the standard deviation of particle size distributions or a decrease in the volume fraction of the liquid, mainly due to the increasing of the probability of particle contacts. The findings of the simulation are favorably compared with past experimental observations on W-Ni-Fe alloys.
Introduction
Microstructural analysis of three-dimensional grain size distributions has grown over recent years. Various methods are applied to determine opaque three-dimensional microstructures. Wolfsdorf et al. (1997) , using the microstructural tomography, determined the three-dimensional grain morphology. 1) Conventional serial sectioning, however, is laborious and inefficient. Tewari et al. (1999) performed efficient montage serial sectioning to reconstruct the threedimensional microstructure of a 83 mass%W-Ni-Fe alloy. 2) In this investigation, tungsten grains sintered during the early stage of liquid phase sintering reveal jagged and non-uniform grains. These grains tend to develop into spheroidal and uniform profiles as sintering time increases. The computer program simulating grain reconstruction was developed by Liu et al. (1999) . 3) This author used digitized micrographs obtained from two-dimensional (2-D) metallographic sections for a 78 mass%W-Ni-Fe alloy. Moreover, Liu et al. (2000) employed the spatial microstructure reconstruction program to simulate the percolation structure of the same alloy. 4) No studies have yet simulated the initial threedimensional grain morphology without two-dimensional (2-D) metallographic sections.
Recently, microstructural observations for W-Mo-Ni-Fe alloys have been focused the abnormal grain growth in the initial stage of liquid phase sintering. 5, 6) The experimental literature clearly shows that the abnormal grain growth can occur in tungsten grains activated by the existence of molybdenum during the initial stage of liquid phase sintering. These grains were not only irregular in shape, but also had a bimodal-like distribution. These results suggest that the liquid film can easily penetrate the W-W grain boundary, due to the large grain boundary energy. This action resulted in disintegration of the sintered domains of W grains, leaving behind abundant smaller grains that were primarily composed of tungsten. While abundant smaller W grains contact a non-dissolved Mo grain, the coalescence of smaller W-rich grains around the central Mo grain was a tendency to reduce the free energy in the system and responsible for the formation of large W-Mo grains having Mo-rich cores. Therefore, the coalescence of bonded grains for reducing the free energy is an important mechanism in the initial stage of liquid phase sintering. However, these studies still lack a model to simulate and reconstruct the three-dimensional grain growth by coalescence in the initial stage of liquid phase sintering. Accordingly, the aim of this report is to provide a new computer simulated model for such the initial observation of the grain growth by coalescence without twodimensional (2-D) metallographic sections. In order to examine the model, the grain size distribution of tungsten grains in a W-Ni-Fe alloy during the initial stage of liquid phase sintering is simulated and compared with past experimental results. The result of this study should provide the evidence for the initial observation of the grain growth by coalescence.
Using Monte-Carlo Method for Three-Dimensional
Grain Growth by Coalescence
The microstructure in the initial stage of liquid phase sintering is so random that determining the grain size distribution by analytical methods is impossible. The Monte Carlo method can determine the effect of the particle size distribution and system thermodynamics on the grain size distribution in the initial stage of liquid phase sintering. The method firstly requires a three-dimensional multi-particle arrangement who includes non-uniform particle sizes and a irregular packing to simulate a real powder packing. Then, on the assumed condition of the presence of a liquid phase, a group of bonded particles who have no penetration by a liquid phase is evaluated. Finally, the size of the grain growth by coalescence, referred to the agglomerated particles, is analyzed.
Basic assumptions of grain growth by coalescence
One of enhanced sintering methods is liquid phase sintering. The system of liquid phase sintering is a two-phase system involving multiple component powders. The part of mixed powders may melt at sintering temperature, due to differing melting ranges for the two or more components. The liquid from melted powders can form a film surrounding the solid phase (the non-dissolved part of mixed powders at sintering temperature) to provide for rapid sintering. In this model, we assume that mixed powders are of two types: base powders, which are solid phase particles during sintering, and additive powders, which are solid phase particles during heating before the sintering temperature, and melt to the liquid phase at sintering temperature.
Furthermore, mixed powders, base powders and additive powders, are assumed to be spherical particles. These assumptions greatly aid the calculation, although they correspond to ideal conditions. All particles in the green compact are mixed and packed together. The effect of gravity is assumed negligible in the initial stage of liquid phase sintering. These particles are assumed to bond together during heating, prior to liquid formation. The additive particles are assumed to melt to the liquid phase and surround the solid phase at the sintering temperature. The liquid phase can penetrate and dissolve the grain boundaries between bonded base particles, if the following thermodynamic criterion is met:
where sl and GB are the energies of the solid-liquid interface and the grain boundary energy, respectively. 7) Here, the distribution of liquid phase and the existence of pores are not considered in this paper. Although the liquid and pore play important roles in liquid phase sintering, these assumptions are reasonable, since prior experiments reveal that the larger grains in the initial stage of liquid phase sintering were found to be a necessary condition of the coalescence of agglomerated particles. 5, 6) The grain coalescence early in liquid phase sintering forms quickly when the melt appears and has been reported for several materials, including Fe-Cu, tungsten-based alloys, cemented carbides, Mo-Ni-Fe, and Cu-Ag. 5, 6, 8) In a short sintering time for coalescence, the distribution of liquid phase and the existence of pores have a finite influence in the grain coalescence and have been ignored in the present simulation. The probable agglomerated particles prior to the grain coalescence would exist when all particles in the green compact are mixed and packed together. If base particles in contact (agglomerated particles) have either a low misorientation angle or a high coincidence orientation, grain boundaries are stable for complete wettability on solid grains by a liquid phase. The stable (lowenergy) boundary against penetration of liquid film reveals a high probability of subsequent coalescence. Alternatively, for grains with differing sizes, the driving force for coalescence is boundary migration due to curvature. Other possible causes of coalescence are chemical, strain, or temperature gradients. 8) Therefore, the agglomerated particles are further eliminated the interface to lower the system's energy, becoming a uniform solid grain. Accordingly, the probable size of the grain growth by coalescence depends on the size of agglomerated particles in the green compact. Under such above experimental observations and suppositions, the size of agglomerated particles in the green compact is the probable size of the grain growth by coalescence and is modeled and discussed in the present simulation for analyzing the grain growth by coalescence. Although the actual liquid-phase sintered process shows the variation in the shrinkage with the sintering time, the size of agglomerated particles in the green compact approaches the actual size of the grain growth by coalescence. Prior experiments prove the approach that first shrinkage starts at the time of liquid formation and the shrinkage rate of a tungsten alloy (93W-5Ni-2Fe) is about 0.5%/min during heating at 10 C/min.
9)
For a short sintering time for coalescence, the size of agglomerated particles in the green compact is slightly shrinkage. Therefore, the present simulation does not treat the shrinkage of agglomerated particles in the green compact. The objective of this study was thus to analyze the size distribution of agglomerated particles in the green compact for approaching the actual grain growth by coalescence. In the next subsections, we will show suppositions and determinations of parameters for sintered W-Ni-Fe alloys and how to treat agglomerated particles in the probability model.
Grain boundary energy
Grain boundary energy between two adjacent grains is determined by the misorientation angle of the two contact grains. The relative orientation between two neighboring grains can be expressed by a rotation matrix, which represents the rotation of one grain around a certain axis by a deviation angle Á d . In addition, the maximum permissible deviation angle from coincidence can be expressed as the Brandon angle (Á c ) by
where the notation AE gives the reciprocal of the fraction of sites which are coincident between two grains. 10) With the above definition, the anisotropy in grain boundary energy ( GB ) can be expressed as: 11) 
where RGB is the energy for random boundaries and CSL is the grain boundary energy for grains having coincident lattice sites. According to the general feature of energy angle relations as in the earlier cited experimental observations, the relation between the measured grain boundary energy of tungsten and the misorientation angle can be expressed in Fig. 1. 
12,13)

Irregular particle packing
The simulation of a three-dimensional multi-particle arrangement employs an identical procedure to that previously developed by the present authors, who included nonuniform particle sizes and irregular packing in their simulation of the three-dimensional microstructural characteristic in the initial stage of liquid phase sintering. 14) For the sake of clarity, some of the basic characteristics at the time of liquid formation in the sintering process are described once more as they are required to construct the three-dimensional model.
Particle size and composition
A realistic model is generated by employing powders of the liquid (additive powders) and solid phases (base powders) whose particle size distributions exhibit truncated normal distributions. In the truncated normal distribution, only the particle sizes situating in the interval between R-3' and R+3' are generated in the calculation, where R is the mean particle size (mm) and ' is the standard deviation (mm) of the distribution. Here, N N(R,') is used to denote the truncated normal distribution over the interval (R-3', R+3'). Three different particle size distribution functions representing the same mean particle sizes and different standard deviations were assumed (Fig. 2) , and different combinations of liquid phase and solid phase particles were employed for simulation in the present investigation. The relative volumetric ratios of solid phase to liquid phase, designated 25, 50, 75, and 90 vol% solid phase particles with the remainder of the liquid phase particles, were treated as input variables that determined their relative probabilities in probabilistic generation of particles. Each particle was randomly generated according to the size distribution functions of solid and liquid phases, and the relative volume fraction of each phase.
Particle location
A three-dimensional multi-particle model, referred to as ''real powder packing'', was employed to simulate the agglomerated particles for approaching the actual grain growth by coalescence in the initial stage of liquid phase sintering. The model basically generates random vectors representing the locations of multi-particles.
14) The random vector is defined as a quantity characterized by both a magnitude and a direction. The direction is defined as:
whereẽ e is a unit vector, represents the angle betweenẽ e and the z axis, and ' represents the angle between the x axis and the projection ofẽ e on the x-y plane. The direction,ẽ eð; 'Þ, depends on two random angles; randomly selected from zero (for a point on the positive unit-axis) to 360 degrees (2% radians), and ' randomly selected from zero to 180 degrees (% radians). The magnitude is the shortest distance from the original point to the center point of the newly generated particle without overlapping any other. The basic calculation of newly generated particle locations was as follow: First, a computer generates a random direction. Then, the newly generated particle moves along the direction and contacts the central particle or neighboring particles around the central particle. Final, a computer calculates the location of the newly generated particle.
Formation of agglomerated particles
According to the aforementioned steps, a group of particles sequentially attached around the central particle. Each particle was in point contact with others. The point contact between the newly generated particle and the neighboring particle may be separated by a liquid film at sintering temperature, if the composition of the newly generated particle is such that the additive particle or contact particles satisfies the necessary condition for wetting, 2 sl GB . For a sintered W-Ni-Fe alloy, the grain boundary energy, GB , is shown in Fig. 1 and the energy of a solid(W)-liquid(Ni-Fe) interface, sl , is taken as 0.55 J/m 2 . 15) A computer cannot generate any particle in directions through the newly generated particle induced the grain boundary penetration of a liquid film. Figure 3 communicates this design. Consider an additive particle in the three-dimensional space. Let the direction of the additive particle be perpendicular to the tangent plane through the center of the additive particle. A computer theoretically stops to generate any particle in directions through the ''circular'' area of the tangent plane, corresponding to the additive particle. To aid the calculation, we assume that the area changes from the ''circular area'' to the ''square area''. The length of the ''square area'' is assumed to be equal to the diameter of the additive particle. Therefore, a computer stops to generate any particle in directions through the ''square'' area of the tangent plane, corresponding to the additive particle. The program completes the formation of agglomerated particles until all directions cannot be generated any particle. 
Example for agglomerated particles
A group of contact particles who have no penetration by a liquid phase is required to analyze the actual grain growth by coalescencee in the initial stage of liquid phase sintering. The simulated result, the image of the three-dimensional agglomerated particles, is shown in Fig. 4(a) . The micrograph of simulated results may consist of a group of contact particles in a typical 2-D metallographic cross section and may not help to understand microstructures in detail. The coalescence of the three-dimensional agglomerated particles is inferred in Fig. 4(b) . The inference greatly aids to understand microstructures, although corresponds to ideal conditions of subsequent coalescence.
Determining the size of agglomerated particles
Agglomeration may be formed as shown in Fig. 4 , making it difficult to distinguish the actual particle size and shape. According to the aforementioned assumption, the agglomerated particles are assumed to eliminate the interface to lower the system's energy, becoming a uniform solid grain. In order to estimate the three-dimensional agglomerated particles for approaching the actual grain growth by coalescence, the simulated size of agglomerated particles is defined as:
where L represents the length of the grain intersection; subscript 1 denotes the x axis, 2 denotes the y axis, and 3 denotes the z axis.
Flow chart
Flow chart for using the Monte-Carlo method to solve the three-dimensional agglomerated particles for approaching the actual grain growth by coalescence in the initial stage of liquid phase sintering is shown in Fig. 5 .
Numerical simulation
Our program was run on a SunOS workstation with a Release 4.1.3 UNIX system, using SIMCRIPT as the computer programming language. The effects on 1000 simulated grain growth by coalescence of the particle size distribution and system thermodynamics were statistically compared. The results of the numerical computation are briefly discussed in following sections.
Results and Discussion
The simulations were performed for three different particle size distributions and solid volume fractions of 25, 50, 75, and 90 vol%. Figure 6 reveals the size distribution of agglomerated particles (the approachable size distribution of the grain growth by coalescence) with different solid volume fractions for N N(8,2) base and additive particle size distributions. According to our results, the size distribution of agglomerated particles broadens with an increase in the volume fraction of solid phase, mainly due to the increasing of the probability of particle contacts. New contacts between particles are induced by a high solid volume fraction. Once a contact has been formed, the driving force for lowering the system energy by eliminating an interface accelerates the coalescence of base particles. Therefore, larger grains due to an increased probability of the contact between neighboring solid particles are caused by a decrease in volume fraction of the liquid. Figure 7 displays the size distribution of agglomerated particles of solid volume fractions of 90 vol% for various base and additive particle size distributions. The broadish base and additive particle size distributions have an advantage contributing to the probability of particle contacts. Increasing the standard deviation of the particle size distribution increases the random degree in the particle arrangement. Therefore, the size distribution of agglomerated particles significantly broadens with the standard deviation of the particle size distribution.
For the distribution analysis, the Weibull function is usually used to fit the experimental grain size distribution. 3, 4) The density function for the Weibull random variable, denoted by f ðG S Þ, is given as
where the cumulative distribution function is denoted by FðG S Þ as
where G S is the grain size, m is the shape parameter, and c is the scale parameter. Figures 8 and 9 plot the shape and scale parameters of Weibull functions for the simulated features in Fig. 7 vs the solid volume fraction for various base and additive particle size distributions. Important results are that the shape and scale parameters change linearly with the solid volume fraction. Thus, the shape and scale parameters can be estimated from a least squares regression, giving the equations in Tables 1 and 2 . Equations from the Table 1 or 2 fit the results with correlation coefficients ranged from 0.951 to 0.985, which are highly significant. In order to examine the model, the past experimental grain size distribution of an 83 mass% W-11.9 mass% Ni-5.1 mass% Fe alloy during the initial stage of liquid phase sintering is simulated and compared with past experimental results.
2) For the comparison of simulated and experimental grain size distribution, the sintering process of an 83 mass% W-11.9 mass% Ni-5.1 mass% Fe alloy is described as follow. Elemental powders of W (purity 99.95% and mean particle size 8.0 mm), Ni (purity 99.99% and mean particle size 10.4 mm) and Fe (purity 99.5% and mean particle size 6.3 mm) were used to produce the alloys. The alloy was pre-sintered at 1400 C in a flowing dry hydrogen atmosphere for 3 h to provide handling strength. Then they were heated to a sintering temperature of 1507 C for 1 minute in the vacuum and microgravity environment. In this model, two powders, including base powders and additive powders, are used. Given the limitations of the model, the mean additive particle size was assumed to be the mean of the sizes of Ni and Fe powders. Here, tungsten powders, simulated base powders, and Ni and Fe powders or simulated additive powders, were randomly selected according to N N(8,2) powder size distributions. Previous work shows that the shape and scale parameters of the grain size distribution for an 83 mass% W-11.9 mass% Ni-5.1 mass% Fe alloy (54.7 vol% solid phase) under above processed is about 3.9 and 11.2, respectively. The experimental parameters are plotted in Figs. 8 and 9 . Notably, the current results correspond well with the experimental ones on the liquid phase sintered WNi-Fe alloy. The predicted scale parameter of Weibull functions for approaching the actual grain growth by coalescence vs volume fraction of solid, comparing the current model with the past experimental result for an 83 mass% W-11.9 mass% Ni-5.1 mass% Fe alloy.
2) Table 1 Shape parameter and correlation coefficient of different particle size distributions. Table 2 Scale parameter and correlation coefficient of different particle size distributions. 
Conclusions
This study has demonstrated the feasibility of applying the Monte Carlo method to calculate the three-dimensional grain size distribution during the initial stage of liquid phase sintering. Based on our results, we conclude the following:
(1) A three-dimensional Monte Carlo model combining a multi-particle arrangement, a non-uniform particle size, a irregular packing and a continuous spectrum of grain boundary energy can successfully simulate the threedimensional grain size distribution. (2) The size distribution of agglomerated particles heavily depends on the solid volume fraction and the standard deviation of the particle size distribution. The size distribution of agglomerated particles are broadened by either an increase in the standard deviation or a decrease in the volume fraction of the liquid, mainly due to the increasing of the probability of particle contacts. (3) There are strong correlations between the distribution parameters of agglomerated particles for approaching the actual grain growth by coalescence and the volume fractions of solid phase, which can be expressed through simple mathematical relationships. (4) These simulations provide the evidence for the initial observation of the grain growth by coalescence.
